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way (z —. d)nfi9 where/! is analytic in U and of order 0 at the point a. Finally,
if/is analytic in U and complex valued, and of finite order m, then it follows
from the principle of isolated zeros and from (9.3.2) that there exists a
number r' such that 0 < r' < r and that I// is analytic in the open set
0 < \z — a\ < r'\ we have then co(a; I//) = - co(a;f).
(9.15.2) Let f be analytic in the open set U: 0 < \z — a\ <r. In order that
a>(a;f) ^ n where n is a positive or negative integer, it is necessary and
sufficient that there exist a neighborhood V of a in C such that (z — a)~nf(z)
be bounded in V n U.
The condition is obviously necessary, since a function having order ^0
at a is the restriction of a function analytic in a ball \z — a\ <r. Conversely,
by considering the function (z — a)~nf(z)9 we can suppose n = 0. Then it
follows from (9.15.1) and the mean value theorem that if ||/(r)|| < M in U,
we have, for any p such that 0 < p < r, \\dm\\ < Mpm for any m^l; as
p is arbitrary, this implies dm = 0 for each m ^ 1. Q.E.D.
The coefficient d1 in (9.15.1) is called the residue of/at the point a.
PROBLEMS
 1.	Show that there are no isolated singular points for analytic functions of p > 2 complex
variables (in other words, if A is an open subset of Cp, a e A and a mapping/of A — {a}
into a complex Banach space E is analytic, it is the restriction of an analytic mapping
of A into E; use Problem 5 in Section 9.10).
 2.	Let/be a complex valued analytic function of one complex variable having an essential
singularity at a point a e C; show that for any complex number A, it is impossible that
the function !/(/—A) should be defined and bounded in an open set of the form
V — {a}, where V is an open neighborhood (use (9.15.2)). Conclude that for any neigh-
borhood V of a such that/is analytic in V — {a}, /(V — {a}) is dense in C (" Weier-
strass' theorem"; see Section 10.3, Problem 8).
 3.	An entire function which is not a polynomial is called a transcendental entire function.
Let/be a complex valued entire transcendental function of one complex variable.

 (a)	Show that for any integer n > 0, the open subset D(ri) of C consisting of the points
zeC such that \f(z)\ >n is not empty and cannot contain the exterior of any ball
(apply Problem 2 to the f unction/(1/z)).
 (b)	Let K(rc) be a connected component (3.19.5) of D(w). Show that K(ri) is not
bounded and that \f(z)\ is not bounded in K(«) (if a $ K(ri), consider the function
f(\I(z - a)) and use Problem 14 of Section 9.5).
 (c)	Show that there is a continuous mapping y of [0, + oo[ into C, such that in every
interval [0, a], y is the primitive of a regulated function, and that lim \y(t)\ = +00

